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Introduction

The crucial importanceof Lie superalgebras(gradedLie algebras)in theo-
retical physics,notably supersymmetry,is well known, andthe classicalsurvey
paperby Corwin, Ne’emanandSternberg[CNSI still remainsa fascinatingex-
planationof the innernatureof the subjectandits ideology.While Lie superal-
gebrasacton a superspaceby meansof infinitesimaltransformations,the global
supersymmetrytransformationsconstituteobjectsof somewhatdifferent—and
apparentlyless well understood—nature,the supergroups.Our presentpaper
dealswith certainmathematicalaspectsof a transitionfrom a Lie superalgebra
to a supergroup.

The term “enlargability” in Lie theory meansapossibility to associatea Lie
groupto a Lie algebra;thoseLie algebrascomingfrom Lie groupsarecalled“en-
largableLie algebras”[E, vEKI. Similarly, oneof importantgoalsof superman-
ifold theory is to providemeansfor enlarginga Lie superalgebra,by attributing
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to it a supergroup.This is donewith the purpose“to recaptureexplicitly the
geometryimplicit in the algebraicstructureof Lie superalgebras”[Ba].

Basically, thereare two major approachesto supermanifoldandsupergroup

theory. Oneof them datesbackto DeWitt [DeW I andRogers [Ro 1, Ro2,Ro3,
Ro4], and within this approach,a supermanifoldis constructedby patching
togetheropen subsetsof gradedvectorspaceswith the help of transitionfunc-
tions which are superanalyticor supersmoothin the sensethat they admit a
familiar superfieldexpansion.The other approach,developedby Berezin and
Leites [Ber2, BerL] and Kostant [Kol, is more abstract,and a supermanifold

appearsas asheafof graded-commutativealgebrason anordinarymanifold; the
superfieldexpansionis featuredasthe local tensorproductdecompositionof the
sheaf,andsuperfunctionscomeinto beingas purely formal entities—sectionsof
the sheaf,ratherthanusualset-theoreticmappings.The advantageof the former
conceptis its intuitive transparency,whereasthe latter approachis backedby a

hugearsenalof alreadyexistingmathematicaldevicesfrom algebraicgeometry
andsheaftheory.

There is no unity evenwithin each one of thoseapproaches.In particular,
the DeWitt and Rogerssupermanifoldsand supergroupsdiffer in that Rogers
usesa finer topologyon supermanifoldsfor glueing them togetherthan DeWitt
does.This differenceresults in the fact that every DeWitt supermanifoldis a
Rogerssupermanifold,but not vice versa [Ro2 I. However, for most purposes
bothin mathematicalandphysicalapplicationsDeWitt supermanifoldsare gen-

eralenough,and it wasnot clearwhetheror not therearesituationswherethe
more generalRogerssupermanifoldsandsupergroupsapply, while DeWitt su-
permanifolds(supergroups)do not. The presentstudy was motivated by this
problem.

It is shownin this workthat in infinite dimensionsa Lie superalgebrag coming
from a Rogerssupergroupmay notcomefrom a DeWitt one.Thus, we produce

evidencethat a whole classof Lie superalgebrascanbeenlargedonly by means
of themostgeneral“naïve” approachto supermanifolds,which thereforecannot
be merelythrown away.

In thispaperwefollow theaforementioned“naïve” approachto supermanifold
theory,developedalongthe usuallines:groundalgebraA,gradedmodulesover
A, linear superspacesas evensectorsof gradedmodules,calculusover linear
superspaces,supermanifolds,supergroupsandLie superalgebras.In orderto be
ableto constructour examples(section6), we needa greatdealof background
constructionsandresultsbelongingto “global superanalysis”;mostof themcan
beprovedby adirectanalogywith similar finite-dimensionalresults[DeW, Ro1,
Ro3,Ro4,BoG, HQR,JP2,CB1, CB2,CD,Rn,BBH, BBHP,VV, Kh, KoN,MKI
and/or infinite-dimensionalresults in the purely evencase [Bou, BS,E, CD],
andthis is why in most caseswe merely sketchthe proofs.

Theterm“naïve” doesnotmeananylackof mathematicalrigour.In particular,
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theDeWitt approach[DeW], whichweextendto aninfinite-dimensionalsetting
in this paper,in its finite-dimensionalform satisfiesthe Rothsteinaxiomatics
for supermanifolds[Rn] as it is presentedin [BBHP],*I andit is “naïve” only
in the sensethatmorphismsbetweensupermanifoldsarecompletelydetermined
by underlyingset-theoreticmappings.

There is onesubtle point aboutall this generalizationworth mentioning.It
is known that in finite dimensions,in orderto producesubstantialresults,one
needsto consideronlyfreegradedmodulesoverA, that is, the modulesof the
form A ® E, whereE is a (finite-dimensional)gradedlinear space.Of course,
the sameis true in infinite dimensionsas well (which is unnoticedin [Kh]),
andonefacesthe problemof theright choiceof notion of a free gradedmodule
overA, becausethe tensorproductshould be appropriatelytopologizedand
completedthereafter;as was shown by the author [Pe3], in the casewhereA
is Banach,neither the projectivenor the injective tensorproductresult in a
satisfactoryconceptof a freegradedA-module. In fact, oneis boundto consider
ground algebrasA which are nuclear as locally convexspaces:in this caseall
the reasonablenotionsof topologicaltensorproductscoincide,andthe resulting
notion of a gradedA-modulebehavesimmaculately.Onecan showthat thereis
awholenaturalclassof nucleargraded-commutativealgebras,resultingfrom the
conceptof the free gradedlocal Arens—Michael(GLAM) algebraover alocally
convexspace [Pe3,Pe4]. Here we chooseas the ground algebra the DeWitt
algebra,A~,which is a nuclear Fréchetgradedcommutativealgebrawith a
numberof fascinatingproperties.

Our examplesoccurindimension(~,0) andwedo not enterinto asystematic
investigationof supermanifoldsandsupergroupsinfinite dimensionalin theodd
sector;alreadythe (0,oo)-dimensionalsupermanifoldsarestill enigmatic.

In the conclusionwe discussin moretechnicaldetail the significanceof our
presentresultsfor thedevelopmentof a unified approachto supermanifoldand
supergrouptheory.

1. The DeWitt algebra

The basic field l’J in this paperis It (However,all resultsfrom sections1—5
remain true for moregeneralvaluationfields 1<, including C and0,,, andthe
resultsof section6 makesensefor C as well.) The term “graded” in this paper
means“Z2-graded”. A graded locally convexspace(LCS), E, is an LCS over
the basic field ll~togetherwith a fixed decompositionE ~ E°eE’ into a
direct sum of closedlinear subspaces,whereE°is called the evenandE’ the

~ Although the papers [Rn] and [BBHP] deal with Banach ground algebras only, the results
can be almost verbatim carried over to the caseof the graded local Arens—Michael algebras
studied in [Pe3, Pe41; this casealready includes the DeWitt ground algebra ~
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oddpart (sector) of E. The parity ~ of an elementx e E°U E’ is definedby
letting x e EX,5 e {0, 1) = 12. A (locally convex)graded-commutativealgebra
is an associativealgebracarryinga structureof a gradedlocally convexspace,
A ~ A°© A’, in sucha way that the operationsare continuousand

xy=x+y, x,yEA°UA’, (1)

xy= (—1)~yx, x,yEA°UA’. (2)
Usually a gradedcommutativealgebrais supposedto beunital.

A local algebrahasauniquemaximalideal (whichcoincideswith its radical).
The quotientof a local algebraA by its radicalis isomorphicto the basicfield
K. Thecorrespondinghomomorphismof augmentation/34 : A —* K is calledthe
numberpart map [Ber2] or the bodymap[DeW]. If A isa Banachlocal algebra
then/34 is continuous[He].

The Grassmannalgebra,A (q), with odd generators‘ci, ~ , ~ is the best-
knownexampleof agradedcommutativealgebra.

We call a graded-commutativealgebraA effectiveif the commonleft annihi-
lator of the odd sectorof A is zero:

~L(AI)~{xEA:VyeA1,xy__0}=(0). (3)

In otherterms, A is effective iff the left regularrepresentationof A in A (~l~is
faithful (cf. [CBI, CB2,JP2,Kh, VV, Pe3]).

The DeWitt algebra,A~,is the projectivelimit of an inverse sequenceof
finite-dimensionalGrassmannalgebras

~ (4)

wherethe homomorphismA (q + 1) —~ A (q) sendsthe generators~, ~2,.. . ,

to themselvesand~q+I to 0. In otherterms, it is formedby all formal power
series

(5)

in countablyinfinitely many free anticommutinggenerators~i, ~,... ,

Here~udenotesa multiindexof the form Cui, ~ . , itk), k E ~, runningover
thecollectionof all finite subsetsof the set of naturalnumbers~ arrangedin an
increasingorder;by ~ onedenotesthe monomial~‘ . . . c~ [BBH]. For every
q thereis acanonicalunital gradedalgebrahomomorphismJtq : A~—* A (q)
defined by the conditionsJtq(~,) = ~, if I < q and mq(~i) = 0 if I > q.
Thetopology is introducedby letting asequence(xc) convergeto an element
x if and only if for everyq the sequence(xqxn) convergesto ~ in a finite-
dimensionalalgebraA (q). The algebraA~is a completemetrizable locally
convex (= Fréchet)locally multiplicatively convex [He] gradedcommutative
algebra.It is effective [contrary to A (q)]. We denoteby ‘q the kernelof lrq; it
is a closedgradedideal ofA~.
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The algebraA~is nuclearas a locallyconvexspace,beingaprojectivelimit of
asequenceoffinite-dimensionalnormedspacesA(q) (see[Sca]). It meansthat
for any locally convexspaceE, all the “reasonable”locally convextopologiza-
tionsofthetensorproductA~®Ecoincide(includingtheprojectivetopological
tensorproduct,weak topological tensorproduct,etc.) By A~~ E, as usual,we
will denotethe completedprojectivetopologicaltensorproduct.

For moreon A~,see [Berl, DeW,CB1,CB2,CD, MK, Pe3].

2. Locally convexsuperspaces

By afree gradedA~-modulewe meana gradedtopologicalmodule M over
A~of the form M ~ A~~ E whereE is agradedlocally convexspace.For
everyq E ~, the freegraded(topological)A(q)-moduleredqM ~ A(q) ® E is
called the qth reductionof M. The 0th reductionof M is just E andit is called
the bodyof M; we denoteMB = red0M. The canonicalreduction mappings

= def Jtq 0 idM: M —p redqM arecontinuousandlinear, andthe topology
of a free gradedA~-moduleM is projective [Sca] with respectto the family
of reductionmappingsin the sensethat it is the coarsesttopology making the
reductionmappingscontinuous.

Denotethe kernelof n~’by Ii”. Thesekernels—andby the sametoken,the
reductionmappings—canbe definedindependentlyof aparticularchoiceof a
tensorproductdecompositionof M. Namely,j~~1is the closedsubmoduleof M
generatedby ‘q M.

If the bodyspaceMB is purely even[that is, MA = (0)], thenMis called a
purelyevenmodule.

If E is Banach(Fréchet,etc.) thenwe call M a free gradedBanach(Fréchet,
etc.) Am-module,although,say,M is nevernormableasa locally convexspace.

For everytwo free gradedA~-modules,M andN, the gradedA~-moduleof
all A~-linearmappingsfrom M to N is denotedby LA~(MN). If M andN are
BanachthenL4~(M,N) isendowedwith the (locally convex)topologyofuniform
convergenceon boundedsubsets,or the /3-topology.Its baseis formedby the sets

[B; V] ~f{f E LA~(M,N) : f(B) C V},

whereB runsoverthe family ofall boundedsubsetsof M, andV overthefamily
of all opensubsetsof N [Sca].

Theorem 1. Let M andN befreegradedBanachA~-modules.Then LA~(M,N)

endowedwith the fl-topology is a free gradedBanach Am-module,the graded
BanachspaceL (MB, NB) with thefl-topologybeingits body.

Proof We will showthat the /3-topologyon LA~(M,N) is projectivewith respect
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to the family of canonicalmappings
~LA~M.N> : LA~(M,N) ‘ LA(q)(redqM,redqN),

andsince the latter modules,LA(q) (redqM, redqN), with the fl-topology are
verified directly to be isomorphicto A(q) ® L(MB, NB), the statementfollows.

Indeed,let B be boundedand V be open in A~.One can assumethat for
someq, V = V + 1” = (m~r’(mq(V)).This implies [B; V] = [B + I~~V].
The latter setcoincideswith (7r~Y’([m~(B);7r~(V)]).Sincethe setm~(B)is
boundedin A(q), then [2t~(B);n~(V)] is openin LA(q)(redq M, redqN). fl

AsubsetU c Mis calledDeWittopenif U = (n~Y’ir~(U)andir,~(U)is
openin E ~ MB. ThearisingDeWitt topologyon M is obviouslynon-Hausdorff.
Denotefor asubsetU c M by U~the set (it~Y~’U;thena subsetU C M is
DeWitt open iff U is openand U = U’~’. In most caseswe will considerthe
restrictionof the DeWitt topology to the evensector,M°,of M.

In contrastto the DeWitt (or coarse)topology on M, the ordinarytopology
of tensorproductis usuallycalled the Rogers,or fIne, topology.

The evensector,M°,of a free gradedAm-moduleis referredto as a (locally
convex)topological linear superspace.(In a terminologyconsistentwith the ex-
istenceof the changeof basefunctor, a locally convextopological superspace
is ratherthe spaceofA~-pointsofa superspacethanthe superspaceitself.) In
particular,any locally convextopologicallinear superspace,M°,carriesa nat-
ural structureof a locally convextopologicalmodule over the topological al-
gebraA~.Morphismsbetweenlocally convextopological superspacesare the
so-calledsuperlinearmappings:a mappingf : M°—~ N°betweentwo locally
convexsuperspacesis called superlinearif it is the restrictionof a continuous
evenA~-modulemorphismf : M —~ N [DeW,Ro1, Ro4,BoG,HQR,JP2,CB1,
CB2,CD, Rn,BBH, BBHP,VV, Kh, KoN, MK].

Let M bea free gradedtopologicalA~-module.Denoteby Mt a gradedA~-
moduleL40 (M°;A~)endowedwith the /3-topology,andby Mtt agradedA~-
moduleL4 (Mt; A~)(cf. [JP2]). ThegradedtopologicalmoduleMt is canon-
ically isomorphicto the free gradedmoduleLAc,~(M; A~) A~~ M~,andthe
bodyof a free gradedA~-moduleMit is the secondBanachdual space(MB)”;
herethe prime’ denotes,as usual,the strongdualof a Banachspace[Sca].

The BanachsuperspaceM°embedsinto Mtt by meansof the canonicaleval-
uationmappingK given by K(f)(X) def f(x) forf eM

t andx E M°.We
identify M°with its imageunderK in Mit.

Set
(MO)K ~ {x E Mtt : ~ (A~)x, ~x E M°}.

Theset (MO)K formsagradedtopologicalA~-submoduleofMtt , andacanon-
ical gradedtopologicalAm-moduleisomorphismi~: M (M°)“~can beestab-
lishedsuchthat ,~IM° = K.
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The correspondenceM°‘—+ (M°)“ is a covariantfunctorfrom the categoryof
locally convexsuperspacesandA~-linearmappingsinto thecategoryof graded
topologicalmodulesandevencontinuousAm-linear mappings.Sinceeverysu-
perlinearmappingbetweentwo locally convexsuperspacesis in particularA~-
linear, andtheabovefunctoris inverseto the naturaldefiningfunctorof restric-
tion M ~ M°,f ~ fIM°, onecomesto the following result.

Theorem 2. Thecategoriesof locally convexsuperspacesand superlinearmap-
pingsandfree gradedtopological modulesand even continuousAm-moduleho-
momorphismsare equivalent.

Corollary 1. A mapping f betweentwo free topologicalgraded Am-modulesis
A~-Iinearif andonly if it is A~-linear.

Corollary 2. A mappingf betweentwo locallyconvexsuperspacesM°andN0 is
superlinearif andonly if it is A~-linear.

In fact, theaboveconstructionM°F—* Mt ~ MIt makessensefor anarbitrary
gradedtopologicalA~-moduleM; however,in thiscasethe evaluationmapping
K, still continuous,is not necessarilya topologicalembedding(it mayevenfail
to be one-to-one).This extendedfunctorenablesoneto prove the following

Lemma 1. If theevenpart ofagradedtopologicalA~-moduleN is isomorphicas
a topologicalA°~-moduleto a BanachsuperspaceM°,andforeveryx ~ N1 there
is a A E A~with Ax ~ 0, thenN is isomorphicto M.

A mappingf from anopensubsetU in atopologicallinearsuperspaceM°to a
topologicallinearsuperspaceN0 is calledsuperdifferentiableat apointx e U if f

is Gãteauxdifferentiableatxandthe Gãteauxdifferential,D~f,is a superlinear
mappingfrom M°to N°andthuscan berepresented(uniquely)by an element
ofL~ (M,N)• A mappingf which is superdifferentiableat everypoint x E U in
sucha way that the superdifferentialmappingx ~ D~ffrom M°to L~ (MN)

is continuous,is also called a G’-mappingon U and is saidto belongto the
gradedAm-algebraG’ (U). It is clear how to define recursivelyG”-mappings
for all k e 1~,as well as G°°-mappings.If M°andN°areBanachsuperspaces
thena superdifferentiablemappingis actuallyFréchetdifferentiable,andaG~
mappingis Fréchetsmooth(but not vice versa).

A mappingf from an opensubsetU in a BanachsuperspaceM°to a Banach
superspaceN0 is called superanalyticat a point x E U if it is analytic as a
mappingbetweenFréchetspacesand in addition the Fréchetdifferential, D~f,
is a superlinearmapping.Every superanalyticmappingis GOC.
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All theusualpropertiesof supersmoothnessandsuperanalyticity[DeW,Ro1,
Ro4,BoG,HQR,JP2,CB 1,CB2,CD,Rn,BBH,BBHP,VV, Kh,KoN, MK, BSV1]
arecarriedoverto the Banachcase.

3. Supermanifolds

Let M bea free gradedBanachA~-module.A supersmooth/superanalyticBa-
nachsupermanifoldmodeledoverM is aHausdorfftopologicalspaceX together
with afixed supersmooth/superanalyticatlas, A, on it, thatis, afamilyof homeo-
morphismson their images,f,,, : U,,, —p x~where U,,, c M°are open convex
neighbourhoodsof the origin, such that the transition functions f,,~

1a fj~are
supersmooth/superanalyticin their naturaldomainof definition.

If thereexistsan atlassuchthatevery set U,,,,, domf,,, is DeWitt openin M°
thenthe supermanifoldX is calleda DeWitt supermanifold(cf. [BBH,RaC]).

Simplestexamplesofsupermanifoldsarethe (DeWitt)superdomainswhich are
just (DeWitt) openconvexsubsetsof M°with theirnaturalsupersmooth/super-
analyticstructure.

It is clearhowto define morphismsbetweensupermanifolds.
Any supersmooth/superanalyticBanachsupermanifoldX carriesan underly-

ing structureof an infinite-dimensionalsmooth/analyticFréchetmanifold.We
will denotethe underlyingmanifoldby X°.Any morphismbetweensupermani-
folds determinesa morphismbetweenunderlyingFréchetmanifolds,therebya
forgetful functor from the categoryof supermanifoldsto the categoryof Fréchet
manifoldscomesinto being.

Gradedderivationsof the sheafSx of germsof supersmooth/superanalytic
mappingsX —~ A~arecalledgradedvectorfieldson X. Gradedderivationsof
the stalk~ arecalled tangentvectorsto X at a pointx E X.

Theorem3. Thetotality oftangentvectorsto a BanachsupermanifoldX at apoint
x ~ X formsa freegradedBanachAm-moduleT~Xcanonicallyisomorphicto
M.

Proof One canassumethatX = U c M° is a superdomainandx = 0 E U.
The A~-moduleM° is isomorphic to the evenpart of T~Xas a topological
A~-module;this isomorphismis given by the map

- M°~ x ~ [f ‘‘~ 0(fI{tx:IEK})/3t E Am],

where the derivative is the usual derivative (in any sense)of a mapping
fI{t’x:t~K}: D~—* A,,,,,, at 0. Now onecan apply lemma1. [1

We call T~Xthe tangentmoduleto X at x.
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Theorem 4. Theevenpart TXX° of the tangentmoduleT~Xis canonicallyiso-
morphic asa locally convexspaceto the tangentspaceto the Fréchetmanifold
X0 at thepoint x.

Proof Thereexistsa canonicalisomorphism,sayj, betweenthe tangentspaceto
the underlyingFréchetmanifoldX°at apoint x andthe model locally convex
space,which in this caseis the underlyingFréchetspace,M~.,of M° (see,e.g.,
[Mi]). Now take as the desiredisomorphismthe compositionof j with the
isomorphismfrom theorem3. []

4. Lie superalgebras

A Lie superalgebraover A,,,,, is a free gradedA,,,,,-module,g, endowedwith
agradedLie bracket,which is bi-A,,,,,-linear,anticommutativeandsatisfiesthe
gradedJacobiidentity. Foreveryq E ~ the submoduleI~is agradedLie idealin
the Lie superalgebra~viewedas aLie superalgebraoverthegroundfield K. The
quotient Lie superalgebraredqg def g/1q9 carriesa naturalstructureof a free
gradedA(q) A,,,,/Iq-module;in addition,the gradedLie bracketon redqg is
bi-A (q )-linear.Thismeansthatthe qth reductionredqg of g is aLie superalgebra
over the finite-dimensionalGrassmannalgebraA (q). As a Lie K-superalgebra,
~ canbe representedas the projectivelimit g ~ lim_ redq ~.

If the body Lie superalgebrag~is Banach,thenwe refer to g as a Banach—
Lie superalgebra.In this case,the underlyinggradedlocally convexspaceof g
is Fréchet [non-Banachunlessg = (0)], and all the q-reductionsredq g are
Banach—LieK-superalgebras.In particular,for everyq the evensectorredqg0 is
an ordinaryBanach—Liealgebra.DeWitt [DeW] calls the Lie algebrasredqg’~
q-skeletonsof g anddenotesthemby Sq(g). The evensector~ is a Fréchet—Lie
algebraof a particularkind, the so-calledArens—MichaelFréchet—Liealgebra
[He], that is, it is embeddableas aclosedsubalgebrainto the directproductof
a family of Banach—Liealgebras[indeed,g°~ lim, Sq(g)].

The changeof basefunctorfrom the categoryof Banach—LieK-superalgebras
to the categoryof Banach—LieA~-superalgebrastakesaparticularily simple
form: l~~ A,,,,, ~ !~.DeWitt calls the Banach—LieA,,,,,,-superalgebrasimages
of the basechangefunctorconventionalLie superalgebras.UnconventionalLie
superalgebrasexistalreadyin dimension(0, 1) [DeW].

From the point of view of deformationtheory [FF], any Lie superalgebra
g over A,,,,, is a deformationof the body Lie K-superalgebraQB over the base
SpecA,,,,,. (The locally ringed superspacein the senseof [Ma], SpecA,,,,,,is a
pair consistingof a one-point topological space,*, anda sheafover it with
the algebraof global sectionsisomorphicto A,,,,,.) Usually the deformationsof
Lie superalgebrasareconsideredover GrassmannalgebrasA (q), andit is clear
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that such deformationsof Banach—LieK-superalgebrasareexhaustedby all q-
reductionsof Banach—Liesuperalgebras~ overA~.

Lemma 2. Let g and1) be Banach—LiesuperalgebrasoverA~.If theevensectors,
g~and~ are isomorphicas topologicalLie algebrasoverA°~,,,,,theng and b are

isomorphicasBanach—LiesuperalgebrasoverA~.

Proof The canonicalisomorphismkbetweeng andl~viewedas freegradedA~-
modulesis provedto preserveasuperLie bracketon the odd sector.The follow-
ing fact, togetherwith the effectivenessofA~,is used: for any x,y E c~andany
~ E

We find it fairer to usethe term Schur—Baker—Campbell—Hausdorff—Dynkin
series,or just SBCHDseries, for what is usuallyreferredto as the Hausdorff

series.

Theorem 5. Let ~ be a Banach—LiesuperalgebraoverA~.The SBCHDseries
converges in a DeWitt open neighbourhood of zero in g~and makes it into a local
analyticLie group.

Proof It is sufficientto provethatfor everyq theseriesx y H(x, y) converges

in the skeletonBanach—LiealgebraSq(~)0asx,y E U’~,where U is anopenball
in ~0 of radius~log 2. Onecanshowthat it is sufficientto provetheconvergence
in the following two specialcases:(a) H(x,cL), (b) H(—o,H(~,x)),where

~t E 100 and x E U~.Due to the nilpotencyof cs [indeed, (ada)2” = 0], there
existsa very simpleestimateof the SBCHD series:

Hr,s(X,c~)~I<C ~ x

whereC= ~ ~ ifr < 2~,andC= Oforr> 2~,and
,~are positiveconstantstakendirectly from [Bou], ch. II, §7, no. 2. This

inequality assuresthe convergenceof the seriesH(x, (v). A similarestimateis
true for the seriesH(—a,H(c~,x)).

To show that the SBCHD seriesmakes U~into a local analytic Lie group,
it is sufficient to provethe analyticity of the emerging local group operation
(x,y) F—+ x y. This is done once againby reducingthe considerationto the
skeletonsSq(g). They areBanach—Liealgebras,andthereforetheSBCHD series
determinesan analytic local group law as soon as it convergesat all points
of an openneighbourhoodof zero. In particular, the local Lie group law in
eachskeletonSq (~)is continuous.Analyticity of a mappingin a Fréchetspace
meanslocal representabilityas asumof polynomialseries(which hasbeenjust
demonstrated)plus continuity [BSI. The continuity follows from the fact that
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for everyx,y e U~onehasmq(x.y) = (7(qx).(JTqy), thatis, thelocal grouplaw
in U~is representedastheinverselimit of asequenceof continuousmappings.~

Notice that for everyq e ~, the Lie ideal Iq°~ (I~)°C g°is a subsetof every
DeWitt neighbourhood,V, of zero in ~0; this meansthat every Iq°becomesa
Fréchet—Liesubgroupof the local Lie group V. We will denotethe Lie ideal
Iq°viewed as a Fréchet—Liegroup by 1q0. The Lie algebraof 1q0 is canonically
isomorphicto the underlyingFréchet—Liealgebraof Iq°,andthe corresponding
exponentialmappingis identity, Id : ~ —~ j~J~Thelocal Lie groupquotientof V
by I~°is isomorphicto alocal Lie groupattachedto the Lie algebra5q9.

Let M be a free graded A,,,,,-module. Then the free gradedA~-module
(M,M) with its topology becomesa Banach—Liesuperalgebraover A~if

beingendowedwith the supercommutator:[f, g] =def fg — (—1 )fegf. This
Banach—Liesuperalgebrais denotedby ~l(M) andcalledthegenerallinear super-
algebra(ofM). It is conventionalbecausegl(M) ~ A~c~gI (MB). In a categorial
approach[L,BnL] gl(M) is referredto as the superalgebraofAm-pointsof a

generallinear superalgebra.

5. Lie supergroups

A Banach—LiesupergroupmodeledoverafreegradedA~-moduleMis agroup
objectin the categoryof Banach—LiesupermanifoldsoverA,,~.In this case, it
is just a supermanifoldendowedwith superanalytic(or supersmooth)group
operations.(Thecorrespondingstructuremorphismsarefully restoredfrom the
set-theoreticmappingsdueto the propertyof A,, beingeffective.) In thispaper
we will considersuperanalyticBanach—Liesupergroupsonly. If the underlying
supermanifoldof a Banach—LiesuperalgebraG is a DeWitt supermanifoldthen
G is calledaDeWitt Banach—Liesupergroup.Heuristically, DeWitt supergroups
may be consideredas deformationsover SpecA~,,of Berezin—Leites—Kostant
supergroups(= gradedLie groups).#2

ToeveryBanach—Liesupergroup,G, thereis associatedanunderlyingFréchet—
Lie group, which we will denoteby G°.

The totality of all left-invariantgradedvectorfields on a Banach—Liesuper-
group G, endowedwith the gradedLie bracketof gradedvectorfields, formsa
Banach—Liesuperalgebrawhich is denotedby sLieG. (AsagradedA~-module,
it is naturally isomorphic,by meansof left translations,to the tangentmodule
TeGto Gat eG, andthusit is free.)

#2 To the bestof our knowledge, this idea has not been shaped as a precise mathematical result

yet, and there are definitely certain topological-algebraic subtleties to be surmounted.
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Theorem6. Theevensector, (sLieG)°,oftheBanach—LiesuperalgebrasLieG is
canonicallyisomorphicasa Fréchet—Liealgebra to Lie(G°).

Proof The canonicalisomorphismbetweenthe correspondingtangentspacesat
e from theorem4 preservesthe Lie bracketandthus is a Lie algebraisomor-
phism.

For this andotherbasicresultson supergroups,cf. [Ber2,BerL, BnL, BSV2,
CB1, CB2,DeW,Ko, L, P,Pc1, Pe3,Pe4,Ro2,Ro3, Scw,SV 1, SV2].

Milnor [Mi] callsa Lie groupG modeledoveralocallyconvexspaceaBaker—
Campbell—HausdorffLie group if the (Schur—)Baker—Campbell—Hausdorff
(—Dynkin) seriesconvergeson aneighbourhoodof zero, V, in thelocally convex
Lie algebraLieG of G, mal~ingit into alocal analyticalLie group,andin addi-
tion G possessesan exponentialmappingexpG : LieG —~ G which is a local Lie
group isomorphism.We will refer to suchgroupsas Schur—Baker—Campbell—
Hausdorff—Dynkin(or just SBCHD) Lie groups.An SBCHD Lie group is al-
waysanalytical.Examplesof suchgroupsareall Banach—Liegroupsand (most)
groupsof currents,in particular,loop groups [PrS]. However,not all Fréchet—
Lie groupshave the SBCHD property: the group Diff 5’ hasnot. Since any
connectedsimply connectedSBCHDLie groupG is regular [Mi], thenanylo-
cally convexLie algebramorphismfrom LieG to the Lie algebraLieH of any
Lie group, H, modeledovera completelocally convexspace,givesrise to a Lie
groupmorphismG —~ H.

Theorem 7. Let G be a superanalyticBanach—Liesupergroup.The underlying
Fréchet—Liegroup G°is an SBCHDLie group.

Proof Let achartq~bedefinedin an openball B in a free gradedA,,,-moduleM
andits valuescoveran openneighbourhoodU of e in G. ThenM, first, can be
identifiedwith thetangentmoduleto G ate and,second,becomesa Banach—Lie
superalgebra(isomorphicto theLie superalgebraof G) in themostnaturalway.
Theuniquenessof an analyticmappingwith a given set of derivativesat apoint
implies that for everyx, y e B onehas

H(x,-y)~’[~(x)~(yY’] = e

and therefore~ establishesa local Lie group isomorphismbetweenG andan
SBCHD local Lie groupassociatedto ~0 (theorem5). This meansthatactually
~ is an exponentialmappingfrom M° (sLieG)°to the underlyingFréchet—
Lie groupof G, andthe conditionsof Milnor’s definition are fulfilled.

Theorem 8. Let g be a Banach—Liesuperalgebraover A,,,,, such that the even
sector~0 is enlargable as a Fréchet—Liealgebra to a SBCHDLie group, G. Then



V.G. Pestov/ Onenlargability of infinite-dimensionalLie superalgebras 307

GcarriesthestructureofaBanach—Liesupergroup with sLie G ~ g. Furthermore,
if the neighbourhoodV in the definition ofa SBCHDLie group can be chosen
DeWittopen, thenGcanbe made.intoa DeWittBanach—Liesupergroupwith the
propertysLie G ~

Proof The canonical atlas of the form {cbg}g~o,q~q(X) def exp(gx),x ~
B(3/2) log 2(0) is usedto make G into a supermanifold,where U is a neigh-
bourhoodof e suchthat the restrictionof expGto U is a diffeomorphism.Both
the superanalyticityof the group operationsandthe isomorphismsLieG ~
areverified by direct computationbasedon the local isomorphismbetweenG
an a local Lie groupassociatedto 90 (theorem5) with lemma2 involved. fl

We will saythat aBanach—LieA,,,-superalgebrag is (Rogers)enlargableif it
comesfrom a Banach—Liesupergroup,G, over A,,,, (that is, sLieG ~ g), and
that g is DeWitt enlargableif it comesfrom aDeWitt Banach—Liesupergroup.

Theorem 9. Everyfinite-dimensionalLie superalgebrag over A,,,,, is DeWitt en-
largable.

Proof It was proved in [Pe3] that the even sector~0 of a finite-dimensional
Lie superalgebrag over A,,,,, comes from an SBCHD Lie group and that the
neighbourhoodV C g°in the definition of a SBCHD Lie group canbechosen
DeWitt open.

Theorem 10. Let g be a Banach—Liesuperalgebra.Supposeall q-skeletonsare
enlargableBanach—Liealgebrasandlet expq : S~,(g) Gq bethecorresponding
exponentialmappingsto the Banach—Liegroups. If thereexistsan open neigh-
bourhoodofzero, U C g, such thatfor everyq the respriction ofexpq to Thq (U)
is one-to-one,theng is an enlargableLie superalgebra.If there existsa DeWitt
open U with theabovepropertytheng is DeWitt enlargable.

Proof Set G =def lim+ Gq andapplytheorem8. El

Theorem 11. A conventionalpurely even Banach—Liesuperalgebrag is DeWitt
enlargableif andonly if the body9B is an enlargableBanach—Liealgebra.

Proof The evensector~0 is isomorphicto the semidirectproductg~~ I~.The
Lie algebraactionr : —~ DerI8 givesrise to a smoothaction~: G0 —f AutI~,
whereG0 is a connectedsimply connectedBanach—Liegroup attachedto g~,.
(This is provedat the level of q-reductionsof the Lie ideal ‘8~by meansof
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Banach—Lietheory [Bou].) Now the desiredSBCDH Fréchet—Liegroup as-
signedto ~0 is the semidirectproductG° G0 ~ ‘8~the exponentialmapbeing
definedby exp~o(x,y) def (exp~0(x),y). El

In particular,the following is true.

Theorem 12. Thegenerallinear superalgebra91(M) ~SDeWittenlargablefor an
arbitrary free gradedA,,,,,,-moduleM, andthe correspondingBanach—Liesuper-
groupis thegenerallinear supergroupGL(M). El

Theorem 13. A Banach—Liesuperalgebrag, admittinga continuousgradedLie
monomorphisminto an enlargableBanach—Liesuperalgebra1), is enlargable.
Moreover, if I) is DeWitt enlargable,thenso is ~.

Proof Basedon the theoremon extensionof analyticstructure[S] andtheorem
8. El

A Lie superalgebrag is centerless if its supercenter, sz(g) = {x e ~ : Vy E

~, [x,y] = 0}, is zero. Although it is known that every centerlessBanach—
Lie algebrais enlargable[vEK], the evensector~0 of a centerlessBanach—Lie
superalgebra~is notnecessarilya centerlessLie algebra.Therefore,thefollowing

result is of interest.

Theorem 14. Every centerless Banach—Lie superalgebra ~ is DeWitt enlargable.

Proof The proofis similar to the proofof the correspondingpurely evenresult
andit is basedon the fact thatg admitsafaithful linearrepresentation—whichis,
of course,theadjointrepresentationx ~ ad~—andthusacontinuousmonomor-
phismfrom ~to the generallinear superalgebra91(9+) comesinto being,where
9+ standsfor the underlyingfree gradedA,,,,,,-moduleof g. Now we usetheorems
8andl3. El

6. Examples

Fix an enlargableBanach—Liealgebra I anda topological two-cocycle ij e
H

2 (I; I~)suchthattheperiodgroup [vEK] of thiscocycle,Per(~j),is aninfinite
cyclic subgroupof R; we can assumethat Per(~) 7Z. In otherwords, this
meansthat a one-dimensionalcentralextensionof I by meansof the cocycle
ij, a Banach—LiealgebraI ~ I x., ll~,is enlargable,and the connectedsimply
connectedBanach—Liegroup I correspondingto I l~is a central extension
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of the connectedsimply connectedBanach—LiegroupK correspondingto I by
meansof the one-dimensionaltoroidalgroupU (1) ~

e~U(l)~I~K~e.

Different examplesof thiskind can be found in [vEK, LaT, Bou, E, PrS].
Recall that ~ ~ denotea fixed systemof topologically free odd

generatorsfor the algebraA,,,,.

Example 1. EnlargableBanach—Liesuperalgebrawhich is nonDeWittenlargable.
Put I) def A,,,,, ~ I and let 0 = E H~(b;A,,,,)be a bi-A,,,,,,-linear even
topological two-cocycleon I~with coefficientsin A,,,,,. Let 9 def A,,,,, x8 I) be a
Banach—Liesuperalgebraone-dimensionalcentralextension(over A,,,,) of 15 by

meansof the two-cocycle0.
Foreveryq E ~, the q-skeletonalgebraSq9 is enlargableandthe restrictionof

thecorrespondingexponentialmappingexpq :
5q9 Gq to theopenunit ball is

one-to-one.Indeed,the periodgroupof the extension

0~A~~Sq(9) ~Sq(15) ~ A(q)®t~0

is isomorphicto ~ and thereforethe correspondingBanach—Liegroup ex-
tensionis well defined:

e A~/~,& Gq Sq(I) e,

whereby I,, we denotethe q-skeletonof a connectedsimplyconnectedFréchet—
Lie groupassociatedto the conventionalLie algebraf)0•

Now an applicationof theorem10 implies thatg is an enlargableBanach—Lie
superalgebra.

Suppose9 is a DeWitt enlargableBanach—Liesuperalgebra.Then thereex-
istsananalyticDeWitt Lie supergroupGattachedto 9. Accordingto theorems6
and7, the underlyingFréchet—LiegroupG°of G is a SBCHD Fréchet—Liegroup
associatedto the evensector~ The mapping i : (r,x) ~—* (r~

1ç~2,l4,~®x) de-
terminesan embeddingofthe Banach—Liealgebra[into the Fréchet—Liealgebra
g asa (closed)locally convexLie subalgebra.Therefore,thereexistsa Lie group
morphism i from I to G°such that the correspondingexponentialmappings
commute:expGooi = 1 a exp1.However, for an elementy =def (1,0) E I one
hasexp,~oi(y) = expGo(~,~2,e)~ 0, becauseof injectivity of expGoalong the
“soul direction,” while i a exp,(y) = 1(ej) = eGo. This contradictionmeans
that g is not DeWitt enlargable.

Example2. Non-enlargableBanach—Liesuperalgebraofwhich all q-skeletonsare
enlargableBanach—Liealgebras.Define a Banach—Liealgebrain as an 1,-type
sum of countablymany copiesof the algebra I, that is, m is isomorhic to the
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completionof theLie algebra~iE~
1(i) endowedwith the norm

0~

def
(x~ ) ~ = ~ IxeII,.

Definea topological bi-A,,,,,-lineareventwo-cocycle0 on in with coefficientsin
A,,,,,,by

I~r I \ I \KY~ i ‘~ ~ I

— ~~c,n,n+,l7~xn,yn

n=1

Set 15 def A,,,,, ~ in andlet 9 =def A,,,, x
0 15 be a Banach—Liesuperalgebraone-

dimensionalcentralextension(over A,,,,,) of in by meansof the two-cocycle0.
Forevery q e ~, the q-skeletonBanach—LiealgebraSq(9) is enlargable.In-

deed,the periodgroupof the extension

0 Ag,, Sq(9) Sq(m) 0

is isomorphicto the discretesubgroup(~I~=,~ andthereforethe cor-
respondingBanach—Liegroupextensionis well defined.

At the sametime, the Banach—Liesuperalgebra9 is non enlargable.Indeed,
for everyn e r~,thereexistsan embedding

(r,x) ~ ~ l4~®x)

of the Banach—Liealgebra I in 90 as a closed locally convex subalgebra,and
argumentssimilar to thoseusedin example1 showthatif g~wereenlargablethen

the exponentialmappingon 90 would sendall elementsof the form (~n~n+1,0)

to the identity of the correspondingFréchet—Liegroup. Since elementsof the
form (c~n~n+,,O)areto befound in everyneighbourhoodof zeroin ~0 thenthe
exponentialmapwould not be a local diffeomorphism,which is impossiblein
view of theorem7.

Conclusion

The diversity of the approachesto supermanifoldtheory existingat present
hasnotbeengivenaunified treatmentyet.AlthoughtheBerezin—Leites—Kostant
version [BerL, Ko, Ber2,L, BnL, Ma, BBH, BSV1] is probablythe nearestone
to a comprehensiveviewpoint,we still believethatanyotherapproachis alsoa
contributiontowardsa thoroughinsight into the “true” notion of a supermani-
fold (and, thereby,a supergroup)ratherthana “half-bakedad hoc definition”
[BMFI.

A wide-spreadpoint of view (sharedby us) is that the “naïve” theory with
a non-trivial “ground algebra”of coefficients [DeW, Rol, Ro2, Ro3, Ro4,Ba,
BoG,HQR, JP2,CB1,CB2, RaC,CD, Rn,BBH, BBHP, VV, Kh, Br, KoN, MK]
canbe mostprobably rewritten in the languageof relativecategoriesof graded
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manifolds—namely,if M is a supermanifoldovera graded-commutativeal-
gebra, A, of “supernumbers,”then M can be identified with a superbundle
X —+ SpecA, whereX is a (possibly,infinite-dimensional [Mo, Scm]) Berezin—
Leites—Kostantsupermanifold.Thisideawasrepeatedlyutteredby Leites,most-
ly in privatecommunications.Unfortunately,the fact is thatalmostno written
evidencehasbeenproducedin supportof theidea(apartfrom someinitial work
done by Penkov [P]), so its statusremainsthat of a plausibleconjecture(al-

thoughbackedby the prominencesimilar constructionshavewon in category
theoryandtheoryof topoi [J]) andby no meansthatof a mathematicalresult.

The well-known Batchelor’stheorem [Ba], which is indeedone of the high-
lights of “supermathematics”,statesthateverysmoothfinite-dimensionalDe-
Witt supermanifold[DeW,CB1,CB2,RaC,CD,BBH] over afinite-dimensional
Grassmannalgebraof coefficientsis animageunderthe changeof basefunctor
of asmoothfinite-dimensionalgradedmanifold.

However, it is very important to stressthat the changeof basefunctor is
not an equivalenceof categories—thereare more morphismsbetweenDeWitt
supermanifoldsthanbetweenthe correspondinggradedmanifolds—oneof the
corollariesbeingthefact that the categoryof DeWitt supergroupsis richer than
thatof Berezin—Leïtes—Kostantsupergroups.While onecan still hopeto describe
DeWitt supergroupsas deformationsof Berezin—Leites—Kostantsupergroups
overthebaseSpecA (in thespirit of, say, [FF]), thesupergroupsresultingfrom
a moregeneralclassof supermanifolds—theRogerssupermanifolds[Rol, Ro2,
Ro3, Ro4, Ba,BoG, HQR, JP2,RaC,Rn, BBH, BBHP, VV, Kh, KoN, MK]—
seeminglyarenot amenableto such a treatment.

The ultimatequestionarisingin this connectionis whetherthe Rogerssuper-
groupsareworthy of study. (Comparethepointsof view in, say, [Ro2,Ro3I and
[Pu.) Indeed,it is knownthat anyfinite-dimensionalLie superalgebracomes
from a supergroupwhich belongsat most to theDeWitt category(andthusfalls
within reachof deformationtheoryapproach)[BerL,Ko, Ro2,Pe1, Pe3,Pe4].

Our conclusionis that the answerto the abovequestion is a definite “yes”,
andthe problemof rewordingthe “naïve” approachin the languageof Berezin—
Leites—Kostantsupermanifolds(possibly infinite dimensional)andtheir defor-
mationsbecomessubstantial.
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